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ABSTRACT ALGEBRA —1
(For those who joined in July 2017 onwards)
Time : Three hours Maximum : 75 marks
PART A — (10 x 1 = 10 marks)

Answer ALL questions.

Choose the correct answer :
1. (Q*, ) e ler Cp wmm
(=) -1 (<) 0
@) 1 (FF)
In the group (Q*, ), the inverse of 1 is
(a -1 (b) O
(o 1 (d) o



Wetreumeuameupmier erg (C*, -) ufler 2 L @b @evane ?
(o) {Li, -1} (=) {1-3
@) {L () {i, -1}

Which of the following are not subgroups of
(C*,)?

@ {Li,-1i} b) {L-1

© {T @ {i,-i}

(Z,,®) eam GosHd oder  GApiursdsafien
eTetoTenT Hen g

(=) 1,2,3,4 (=) 1,3,6,9

(&) 1,57 11 (") 2,8,5,7,11

The set of all generators of group (Z,,,®) is

(a) 1,2,3,4 (b)) 1,3,6,9

(¢ 1,5,7,11 d 2,385,711

G eeatug @m wgeyni@Geob. H ererug G uler
2 L@ eafled, O(H ) g earg O(G) & au@s@Lb.

(=) GQevsyrepluder Csnmibd
(=) @u wrlger Capowbd
(@) wodear Cappd

()  Carelluler CsHmid
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“If G is a finite group and H is any subgroup of
G then the order of H divides the order of G”.
This theorem is known as

()
(b)
(©
(d)

Lagrange’s theorem
Fermat’s theorem
Euler’s theorem

Cauchy’s theorem

@raw(h  epen euflews wIHDSHer CLBEHD ¢

(a)
(©

@l eaufleng wTHOD
&P

@D cuflens rHHLD
@dlev ergia|ldane

product of two odd permutations 1s an

even permutation (b) cycle

odd permutation (d) none of these

f:(Z4)>(C*) eam ety f(N)=i" eam
aueunssLLL(Hdrerg erafled T gm

1)

8)

")

(
(
(
(

QReTMISCETETD T FT L

<)) CewGsm g6

Cwemer &m 4

@emeu 6rgieyLslebaned
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The map f :(Z,+) - (C*,-)given by f(n)=i" is
(a) one-one (b) a homomorphism

(¢) onto (d) none of these

(Q,+.1) erem euawerwigSlen SmLiL erawr

(=) 1 (=) 0
(@) »yaprss () 4
The characteristic of the ring (Q,+,1) is
(@ 1 (b)y O
(¢) infinite (d 4

(I GUENETWILD Lpedlwer eueneruild erefled

(@) a’=e emasg acR eerug QuEmGsd swef
(<) a’=e Smarsgib ae R

(@) a’=0 simasgid aeR

(F) a"=0 gCsayb NeR

A ring is called a Boolean ring if

(a) a’=e for all aeR, where e is the
multiplicative identify

() a’=eforall aecR
(¢ a’=0forall aecR

(d a"=0 for some neR
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10.

p(x) = ay + ax + agx® +---+a,x",

q(x) =by +bx+---+b X" erémuemes F[X]er o mliysar.
p(xX)=a(x) w5 Qwss Csmeuwmar  LOHMLO
Gumg)omenr BlLbSHET ————

(=) a>b, Vi=0 (=) & =b, Vi>0

@) a=0=h,viz0 (m) a=h

p(x) = ay + ax +agx® +---+a,x",

q(x) =by, +bx+---+b,x" are defined in F[x]. Then
the sufficient and necessary condition for
P(X¥) =q(x) is

(a) a>b,Vi=0 (b) &g =b,Vi=0

© &=0=b,vi20 (@ a=h

fiz>z TGS & f(X)=x?+3 eTeT
auerunsslLGdng eaild | erearug

(=) Qewedwmpr Casm 56 cuanaTwLd

(<) GQewewrpr Cam SFH6 UMETLILD SO

(@) Quewmnr Ca&r $56 aueneTUID

(FF)  (P(p @UILIEILD eUEMETUILD

The map f:z—z defined by f(x)=x*+3 is

(a) aring homomorphism
(b) not a ring homomorphism
(¢c) aringisomorphism

(d) aring epimorphism
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PART B — (5 x 5 = 25 marks)
Answer ALL questions, choosing either (a) or (b).
Each answer should not exceed 250 words.
11. (=) H . K  eeamuear Guler o @Gomiser oreafle
HNK b Guller 2 geb eearuamg Hlmnie|s.
If H and K are subgroups of a group G
then prove that H " K 1is also a subgroup of
G.
Or
(=) Gom @b eafler ygear awwd Z(G) ererug)
G Wer 2 I gaw aaruams Hlmie|s.
Prove that the center of G Z(G) is a
subgroup of G.

12. (@) Qesymepdluder Casnmsams er(pdl Hlmie,s.
State and Prove Lagrange’s theorem.
Or
(=) @auCeurm el Ls@Gowpd dadlwer (@b
2GD e Hlmieys.

Prove that any cyclic group is abelian.
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13.

14.

15.

(=)

f:G>G gm Qeudwrprs Gasr sz erafld
fearolgm Guiar gm Cb eaw o GwrEh
eTeu Hlmies.
Let f:G—G' be a homomorphism. Prove
that the Kernal K of f 1s a normal
subgroup of G.

Or
1(G) eerugr  AutGuler Gp evwo 2 L Geb
fmiays.
I (G) is a normal subgroup of AutG prove.

RGN TP  CTETEMTIHRIGOMGD  TeTLIMS
BlemuemTd OlEuws.

Prove that any field F is an integral domain.

Or
@M cTamaymssSer Sl eTaT  eTETLS)
LLSDSOILILD DHeDEG) LIS 6Tt GTeiTLiens Hlmieys.

Prove that the characteristic of an integral
domain is either O or a prime number.

f:Z2>2Z, eaap ery f(X)=r, r erearug
X=gn+r, 0<r<n ear aamyunssULl(HeTerg
gafl f eerug Qewdwmprs Csm 5o erar
Hmeys.

If f:Z2—2Z, defined by f(x)=r, where
x=gn+r, 0<r<n then prove that f 1is
homomorphism.

Or
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(=)

RIX] ererug) e  eravremymisd  erafled R
GTETLIGID ¢(Th GTETENIJRIGD D@D  CTETLIMS
Bloeys.

Prove that RX] is an integral domain iff R is

an integral domain.

PART C — (5 x 8 = 40 marks)

Answer ALL questions, choosing either (a) or (b).

Each answer should not exceed 600 words.

16. (=)

G{(ab)lacR,beR} @fa (ab)x(cd)=
(ac,bc+d) eram euamumssiinLme (G x) g

GO aTaT ST_(Hs.

Let G{(a, b)|lae R, be R}. Then prove that G
is a group under the operation » defined by
(a,b)* (c,d) = (ac,bc+d).

Or
@b Guler @@ o Gomsailer Cs i sHewrid
G uWler 2 @aowrs Q@mé&s Cosmeuwimar HMLD
Cumgyorer Blubgemar eerm WHGDTETHIET 2 6T
Siawb erar HlemLdl.
Prove that the union of two subgroups of a

group G is a subgroup iff one is contained in
the other.
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17.

19.

(=)

(=)

uileofer Cahmsams er(pdl Hlepdssa]|b.

“State and prove Euler’s theorem.”

Or
H,K eaeamear G eeamn GeosdHear (pigaim
> | (GOBIGET 6renfled |HK| = |||_IH||KK|| ereu Hlmieys.
M

Let H, K be any two finite subgroups of a

_ IHK]
group G. Then prove that |HK| = .

|H ~K]|
Qawicluder Cammsans er(pdl Hlme,s.
State and prove Cayley’s theorem.
Or

QeuLIDTE Cam ggeden SlgliuamLg
Cappsams arwdl Hmeys.

State and prove fundamental theorem of
homomorphism.

(Z,,®, ©) eraug 6 GUEETWLD GTETLIENS

HlemLal.

Prove that (Z,,®, ©) is a ring.

Or
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20.

(<)

(=)

R eaemug sweal opligeorw  uflbrdm
uemarwib ereirs. & wib M ererug) Rer BUGUm
Elw  euemerwiors @Q@ELUSHE — Csameuwimer
womb  Cumgworer  Blubsewar R|IM e
SETOMGLD eTeu [Hlmie|s.

Let R be a commutative ring with identify.

Prove that the ideal M of R is maximal iff
R|M is a field.

Qewdmmrs Cam ggedlen SlgliuamLg
Cappses B auwd Hneis.

State and prove fundamental theorem of
homomorphism of rings.

Or
F[Xleo f(X)., 9(X) ereruer Qqp 2 muiLsar.
@ded g(x)=0 eafled F[X]éd wvoaumliyg
Casmweuser  Q(X) wpmd (X)) ereruene
f(X)=a(9(x)+r(x) eer QméEL. QueE
r(x) =0 <evavg r(X)er uig g(X)er Ligenw ol
Adlwg erer Hlemldl.
Let F be a field. Let f(x) and g(x) be two
polynomials in F[x] with g(x)#0. Then

prove that there exist unique polynomial
a(x) and r(x) such that

f(X) =aq(X)g(x) +r(x), where either r(x)=0 or
deg r(x) <degg(x).
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